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Abstract. An s = 1
2 antiferromagnetic spin chain is equivalent to the two-flavour massless

Schwinger model in a uniform background charge density in the strong coupling regime. The
gapless mode of the spin chain is represented by a massless boson of the Schwinger model.
In a two-leg spin ladder system the massless boson aquires a finite mass due to inter-chain
interactions. The gap energy is found to be about 0.36|J ′| when the inter-chain Heisenberg
coupling J ′ is small compared with the intra-chain Heisenberg coupling. It is also shown
that a cyclically symmetricN`-leg ladder system is gapless or gapful for an odd or evenN`,
respectively.

An s = 1
2 spin chain with antiferromagnetic nearest-neighbour Heisenberg couplings is

exactly solved by the Bethe ansatz [1] and has a gapless excitation. A two-leg spin ladder
consists of two spin chains coupled to each other. Experimentally a two-leg spin ladder
system has no gapless excitation [2–5]. The gapless mode of spin chains does become
gapful. In this paper we give, without resorting to numerical evaluation, a deductive
microscopic argument which shows why and how this happens.

Spin ladder systems are not exactly solvable and various approximation methods have
been employed in the literature [6–11]. We first show that ans = 1

2 spin chain is
equivalent to the two-flavour massless Schwinger model in the strong coupling regime
in a uniform background charge density. The two-flavour Schwinger model has a massless
boson excitation, which corresponds to the gapless excitation in the Bethe ansatz. A spin
ladder system is described as two sets of two-flavour Schwinger models which interact with
each other by four-fermi interactions.

An antiferromagnetic spin chain is described by

Hchain(S) = J
∑

Sn · Sn+1 (J > 0) (1)

whereas a two-leg spin ladder is described by

Hladder(S,T ) = Hchain(S)+Hchain(T )+Hrung(S,T )

Hrung(S,T ) = J ′
∑

Sn · Tn.
(2)

Consider first ans = 1
2 antiferromagnetic spin chainHchain(S). We express the spin operator

in terms of electron operators bySn = c†n 1
2σcn. With the aid of the Fierz transformation

we have 4Sn ·Sn+1 = −{c†ncn+1, c
†
n+1cn} + 1− (c†ncn − 1)(c†n+1cn+1− 1). We can drop the

last term, as the half-filling conditionc†ncn = 1 is satisfied for a spin chain. The first term is
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linearized by introducing an auxiriary field, or by the Hubbard–Stratonovich transformation.
The HamiltonianHchain is equivalent to the Lagrangian

L1
chain=

∑{
ih̄c†nċn − λn(c†ncn − 1)− J

2
(U ∗nUn − Unc†ncn+1− U ∗n c†n+1cn)

}
. (3)

Un is a link variable, defined on the link connecting sitesn andn + 1. λn is a Lagrange
multiplier enforcing the half-filling condition at each site. The transformation is valid for
J > 0. The LagrangianL1

spin has localU(1) gauge invariance.
We consider a periodic chain ofN sites: SN+1 = S1. The mean-field energy is

evaluated, supposing|Un| = U , to beEmean= J { 12NU2 − U cot(π/N) + 1
4N}. For large

N it has a sharp minimum atU = 1/π . Radial fluctuations ofUn’s are suppressed, though
quantum fluctuations of the phase ofUn’s cannot be neglected. We write

Un = 1

π
ei`An (4)

where` is the lattice spacing. We need to incorporate quantum fluctuations ofλn andAn to
all orders. With (4) substituted the Lagrangian (3) becomes that of lattice electrodynamics.

To make this point clearer, we take the continuum limit. For an antiferromagnetic spin
chain, two sites form one block. The even–odd site index becomes an internal (spin) degree
of the Dirac field in the continuum limit. The correspondence is given by

ψ
(a)

1 (x) = (−i)2s−1

√
2`

c2s−1,a at odd site

ψ
(a)

2 (x) = (−i)2s√
2`

c2s,a at even site

(5)

where x corresponds to (2s − 1)` and 2s`. With the given normalization
{ψ(a)

j (x), ψ
(b)
k (y)†} = δabδjkδL(x − y) in the continuum limit, whereδL(x) is the periodic

delta function with the periodL = N`. The phase factors in (5) reflect the Fermi momentum
kF = ± 1

2π at the half filling.

The term
∑

n c
†
ncn+1 + hermitian conjugate (h.c.) becomes 2i`

∑
a

∫
dx (ψ(a)†

1 ∂xψ
(a)

2 +
ψ
(a)†
2 ∂xψ

(a)

1 ). Hence in the continuum limit the original spin Hamiltonian (1) is transformed
to a system with the Lagrangian density

L2
chain[Aµ,ψ ] = − 1

4e2
F 2
µν +

2∑
a=1

cψ̄(a)γ µ
(

ih̄∂µ − 1

c
Aµ

)
ψ(a) + 1

`
A0− JN

2π2
. (6)

Here the Dirac matrices areγ 0 = σ3, γ
1 = iσ2. The ‘light’ velocity c is given by

c = `J/πh̄. x0 = ct and (A0, A1) = (λ, cA). Although the Maxwell term is absent
in the ` → 0 limit, it is generated at finitè. The coupling constante must be expressed
in terms ofJ and `. From the dimensional analysise2 = k2J/` wherek is a constant of
O(1). Note that in thè → 0 limit with c kept fixed,e2 diverges as̀ −2.

This is nothing but the two-flavour massless Schwinger model in the strong coupling
regime in a uniform background charge density. The termA0/` representing the background
charge arises from the half-filling condition. The system is neutral as a whole.

Note that the spin indexa of original electrons becomes a flavour index in (6), while
the even–odd indexj becomes a spin index of the Dirac fieldψ(a)(x). The two-flavour
nature reflects the electron spin1

2.
The correspondence of the spin chain model to quantum electrodynamics (QED2) has

been noted in the literature, but the rigorous derivation has not been given before [12]. In
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particular, the importance of the two-flavour nature has not been recognized. Mapping to
SU(2) gauge theory has also been suggested [13].

The two-flavour massless Schwinger model is exactly solvable [14]. Quantum
fluctuations of all fields,ψ(a) andAµ, can be completely taken into account. With the
periodic boundary condition, the model is two-flavour QED2 defined on a circle, which has
been analysed in detail by the bosonization method [15–17].

The bosonization formula for the left- and right-moving components of the Dirac fields
is

ψa
±(t, x) =

1√
L
Ca±e±i{qa±+2πpa±(t±x)/L}N0[e±i

√
4πφa±(t,x)] (a = 1, 2) (7)

whereCa+ = eiπ
∑a−1

b=1(p
b
++pb−) and Ca− = eiπ

∑a
b=1(p

b
+−pb−). φa+ (φa−) represents left- (right-)

moving modes. N0[] denotes the normal ordering in a basis of massless fields. The
Hamiltonian becomes [17]

H 2
chain=

e2L

2
P 2
W +

2∑
a=1

πh̄c

2L

{
Q2
a +

(
Q5a + 2W

π

)2
}

+
∫ L

0
dx
h̄c

2

(
1

c2
8̇2+8′2+ 2e2

πh̄c
82+ 1

c2
χ̇2+ χ ′2

)
. (8)

The neutrality condition readsQ1 + Q2 = L/` = N . 2W and PW are the Wilson line
phase ei2W = exp[(i/h̄c)

∫ L
0 dx A1] and its conjugate momentum.Qa = −p+a + p−a and

Q5a = p+a + p−a are charge and axial charge of theath flavour, respectively, both of which
take integer eigenvalues and commute with the Hamiltonian.8 = (φ1 + φ2)/

√
2 and

χ = (φ1− φ2)/
√

2 whereφa = φa+ + φa− and
∫

dx φa = 0.
The 8 field has a Schwinger massµ whereµ2 = 2e2h̄/πc3. The excitation energy

is µc2 = √2kJ/π ∼ 0.45kJ . The χ field is massless, which corresponds to the gapless
excitation in the spin chain and controls the behaviour of correlation functions at large
distances. The wavefunction for the zero mode part is written as

|9〉 =
∑
n,r

∫
dpW |pW, n, r〉e−irϕ+2π inpW f (pW , ϕ + πpW)

PW |pW, n, r〉 = pW |pW, n, r〉
pa±|pW, n, r〉 = (n+ rδa,1∓ 1

4N)|pW, n, r〉

(9)

wheref (pW , ϕ) must solve the Schrödinger equation

K(pW, ϕ)f (pW , ϕ) = εf (pW , ϕ)

K(pW , ϕ) = − 1

π2

∂2

∂p2
W

− ∂2

∂ϕ2
−
(
µcLpW

2h̄

)2

.
(10)

For the ground statef (pW , ϕ) = constant e−πµcLp
2
W/4h̄.

In the Schwinger model there is aθ parameter characterizing states. The wavefunction
(9) corresponds toθ = 0. Theθ vacuum originates from the invariance under large gauge
transformatins and the chiral anomaly in the continuum theory [16]. In the lattice spin
systems the lowest energy state withθ = 0 is expected to be singled out.

Employing the bosonization formula, the critical exponent of the spin–spin correlation
function 〈S(2n)S(0)〉 ∼ n−η (n� 1, n� N ) is found to beη = 1, which agrees with the
result from the Bethe ansatz.
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Now we consider a spin ladder system (2). In the absence of the inter-chain rung
interaction (J ′=0) the system is equivalent to the two sets of two-flavour massless Schwinger
models described byL2

chain[Aµ,ψ ]+L2
chain[Ãµ, ψ̃ ]. With the aid of the correspondence (5),

the inter-chain interactionHrung in the continuum limit is written as

H 3
rung=

J ′N
2
+ `J

′

4

∫
dx ({ψ†ψ̃, ψ̃†ψ} + ψ†ψ · ψ̃†ψ̃ + {ψ̄ψ̃, ¯̃ψψ} + ψ̄ψ · ¯̃ψψ̃) (11)

where every quantity in the expression is a flavour singlet;ψ†ψ̃ = ∑2
a=1ψ

(a)†ψ̃(a) etc.
Note that both charge and scalar density operators appear in (11). The chiral symmetry is
broken, which leads to mass generation.

When expressed in terms ofψ± and ψ̃±, H 3
rung contains many terms. The Hamiltonian

is simplified in the large volume limitL = N` → ∞. We defineρa = ψ(a)†ψ(a),
Ma = ψ(a)†

+ ψ
(a)
− , and the corresponding̃ρa andM̃a. The relevant terms inH 3

rung are

H 3
rung∼ H3a +H3b

H3a = J ′`
4

∫
dx (ρ1− ρ2)(ρ̃1− ρ̃2)

H3b = J ′`
4

∫
dx {(M1−M2)(M̃

†
1 − M̃†2)+ (h.c.)}.

(12)

Terms of the formMaM̃b are suppressed as fluctuations inQa are small compared with the
averageN/2.

Boson fields associated withψ and ψ̃ are denoted by(8, χ) and(8̃, χ̃), respectively.
We introduce a new orthonormal basis:8± = (8 ± 8̃)/

√
2 andχ± = (χ ± χ̃)/

√
2. The

first term in (12) is

H3a = J ′`
4L
(Q1−Q2)(Q̃1− Q̃2)+

∫
dx
J ′`
4π
{(∂xχ+)2− (∂xχ−)2}. (13)

It changes the propagation velocities ofχ± fields.
It follows from (7) that

MaM̃
†
b = e−2π i(Qa−Q̃b)x/Le−i(qa−q̃b) 1

L2
N0[e−i

√
4π(φa−φ̃b)]. (14)

Note thatN0[eiβχ ] = B(mcL/h̄)β
2/4πNm[eiβχ ] where the reference mass in the normal

orderingN [ ] is shifted from 0 tom. B(0)=1 andB(z) ∼ eγ z/4π for z � 1 [16]. That
is, if all fields become massive, (14) is nonvanishing in theL→∞ limit. Otherwise (14)
vanishes. In passing, terms not included in (12) are suppressed exponentially in theL→∞
limit when χ± fields aquire masses.

There are fluctuations inQa. Write Q1,2 = 1
2N ±Q and Q̃1,2 = 1

2N ± Q̃. Important

terms in
∫

dx MaM̃
†
b result whenQ = ±Q̃. Since |Q|, |Q̃| � N , we have in the large

volume limit

H3b = J ′`
4

(
eγ c

4πh̄

)2 ∫
dx [µ8−µχ−{e−i(q1−q̃1)N [e−i

√
4π(8−+χ−)]

+e−i(q2−q̃2)N [e−i
√

4π(8−−χ−)]}
−µ8−µχ+{e−i(q1−q̃2)N [e−i

√
4π(8−+χ+)] + e−i(q2−q̃1)N [e−i

√
4π(8−−χ+)]} + h.c.].

(15)
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Here we have defined8± = (8±8̃)/
√

2 andχ± = (χ±χ̃)/
√

2. N [e−i
√

4π(8−+χ−)] denotes
that the8− andχ− fields are normal-ordered with respect to their massesµ8− andµχ− ,
respectively.

H3b has two major effects. It gives an additional potential in the zero mode sector:

1Hzero= LJ
′`
4

(
eγ c

4πh̄

)2

µ8−{µχ− [e−i(q1−q̃1) + e−i(q2−q̃2)]

−µχ+ [e−i(q1−q̃2) + e−i(q2−q̃1)] + (h.c.)}. (16)

Secondly it gives additional masses to8− andχ±. For small|J ′| � J

µ2
8− = µ2− e

2γ

4π

J ′`
h̄c
µ8−(µχ−〈e±i(q1−q̃1)〉 − µχ+〈e±i(q1−q̃2)〉)

µ2
χ− = −

e2γ

4π

J ′`
h̄c
µ8−µχ−〈e±i(q1−q̃1)〉

µ2
χ+ =

e2γ

4π

J ′`
h̄c
µ8−µχ+〈e±i(q1−q̃2)〉

(17)

Here we have made use of〈e±i(q1−q̃1)〉 = 〈e±i(q2−q̃2)〉 and 〈e±i(q1−q̃2)〉 = 〈e±i(q2−q̃1)〉, which
reflects the up–down symmetry of the original spin system and is justified shortly.

The wavefunction of the ladder system is specified withf (pW , ϕ; p̃W , ϕ̃) as in (9). The
rung interaction (16) gives an additional potential in theϕ representation. eiq1 and eiq2 give
rise to eiϕ−iπpW and e−iϕ−iπpW , respectively.f satisfies

{K(pW, ϕ)+K(p̃W , ϕ̃)+ Vrung}f = εf

Vrung= L2 J
′`

πh̄c

(
eγ c

4πh̄

)2

µ8−{µχ− cos(ϕ − ϕ̃)− µχ+ cos(ϕ + ϕ̃)} cosπ(pW − p̃W ).
(18)

For largeL the potential term dominates in equation (18). The ground-state wavefunction
has a sharp peak at the minimum of the potential. ForJ ′ > 0 (J ′ < 0), the minimum
occurs atpW = p̃W = 0 andϕ = −ϕ̃ = ± 1

2π (ϕ = ϕ̃ = ± 1
2π ) so that

〈e±i(qa−q̃a )〉 = −〈e±i(q1−q̃2)〉 = −〈e±i(q2−q̃1)〉 = ∓1 for

{
J ′ > 0

J ′ < 0.
(19)

The masses are determined by (17) and (19):

µ8− =
µ√

1− 2κ2
µχ− = µχ+ =

κµ√
1− 2κ2

κ = e2γ

4π

|J ′|`
h̄c
= e2γ

4

|J ′|
J
∼ 0.79

|J ′|
J
.

(20)

The expression is valid for smallκ. The excitation energy, a spin gap, is

1spin= µχ±c2 ∼ κµc2 = e2γ k

23/2π
|J ′| = 0.36k|J ′|. (21)

The ratio of1spin toµc2 is κ. The gapless mode becomes gapful. The spin gap is determined
by |J ′|, generated irrespective of the sign ofJ ′. The energy density is lowered:

1E = −1
2
spin

2`J
. (22)

We have shown that the rung interaction breaks the chiral symmetry of spin chain
systems, and generates a spin gap.
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In the literature the spin gap has been determined by various numerical methods for
varying J ′/J [8]. In particular, Grevenet al obtained1spin = 0.41J ′ for small J ′/J and
0.50J ′ for J ′ = J , which is consistent with our prediction (21).

It has been well known that spin chain systems are mapped to nonlinear sigma models
[18]. Sierra has applied this mapping toN`-leg ladder systems of spinS, and has shown that
the spectrum is gapful or gapless for an integer or half-odd-integerSN`, respectively [9].
The mapping to sigma models is valid for largeSN` � 1, while our method of mapping to
the Schwinger model works forS = 1

2.
The method of bosonization has been employed in the spin ladder problem. Schulz, in

analysing a spinS chain, expressedS as a sum of 2S spin-1
2 vectors, thereby transforming

the spin chain to a special kind of a spin-1
2 ladder system. With the aid of bosonization and

renormalization group analysis he concluded that the spectrum is gapless for a half-odd-
integerS.[10]

More recently a 2-legs = 1
2 ladder system has been analysed by bosonization by Shelton

et al and by Kishine and Fukuyama [11]. They have obtained a similar Hamiltonian to
ours, but could not determined the gap. Our bosonization formula (7) is a rigorous operator
identity with no ambiguity in normalization, with which the Hamiltonian is transformed in
the bosonized form. The correct treatment of the normal ordering is crucial in dealing with
the mass (gap) generation. Not only the light modes (χ±) but also the heavy modes (8±)
and zero modes (2, qa) play an important role, which has been dismissed in [11].

Our argument can be generalized toN`-leg s = 1
2 ladder systems. Inter-chain

interactions are given byHrung =
∑

(ij) J
′
ij

∑
n S

(i)
n S

(j)
n where i and j are chain indices

and(ij) labels rung pairs.J ′ij = 2J for all (ij) in Schulz’ model in [10].
Let us consider a cyclically symmetric antiferromagnetic ladder system in which

nonvanishingJ ′ij ’s are J ′i,i+1 = J ′ > 0 whereJ ′N`,N`+1 ≡ J ′N`,1. Among boson fields
8i ’s or χi ’s, the singlet combination is denoted by8+ or χ+. Other combinations of8’s
or χ ’s are degenerate. There are four masses to be determined:µ8± andµχ± . µ8± ∼ µ
for small |J ′|. The issue is whether or not allχ fields become massive. The crucial part is
the mass ofχ+.

Repeating the above argument, one finds that the part of the rung potentialVrung in (18),
µχ− cos(ϕ − ϕ̃)− µχ+ cos(ϕ + ϕ̃), is replaced by

µχ−

N∑̀
i=1

cos(ϕi − ϕi+1)− µ2/N`
χ+ µ1−(2/N`)

χ−

N∑̀
i=1

cos(ϕi + ϕi+1) (23)

whereϕN`+1 = ϕ1. If µχ− = 0, Vrung = 0 and no correction arises forµ8± or µχ± . This
solution has a higher energy density than the non-trivial solution so thatµχ− 6= 0. From
the symmetryVrung is minimized at cos(ϕi − ϕi+1) = f− (i = 1, . . . , N`). This implies that
ϕj = ϕ + (j − 1)η andη = 2pπ/N` or 2pπ/(N` − 2) wherep is an integer.

Supposeµχ+ 6= 0. Then cos(ϕi + ϕi+1) = f+ (i = 1, . . . , N`). This leads to an
additional condition thatη = π . All of these conditions are satisfied for an evenN`. The
potential is minimized atϕ2p+1 = ± 1

2π and ϕ2p = ∓ 1
2π . For an oddN` the conditions

cannot be satisfied.
If µχ+ = 0, η need not beπ . This gives a solution for an oddN`. For an evenN`,

this solution yields a higher energy density than the solution withµχ+ 6= 0 above. To
summarize, the spectrum is gapless for an oddN`, but is gapful for an evenN`. The
interaction is frustrated in the rung direction for an oddN`. The argument here is similar
to Schulz’ in [10].

In the experimental samples [4]J ′ ∼ J so thatκ = O(1). For instance, in SrCu2O3 (2-
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leg ladder),J ∼ J ′ ∼ 1300 K and1spin ∼ 420 K. The formula (17) need to be improved
by taking account of effects of the nonlinear terms in (15). Further, it is observed that
spin ladder systems with three legs are gapless. (The experimental sample is not cyclically
symmetric:J ′12 = J ′23 ∼ J but J ′13 = 0.) For this the large value ofκ is important, as our
analysis indicates that a gap is generated so long asκ is sufficiently small. It has also been
reported that the spin gap is not affected by nonmagnetic impurities [5]. We will come back
to these points in separate publications.

This work was supported in part by the US Department of Energy under contracts DE-
FG02-94ER-40823.
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